
Reprint ISSN 0973-9424

I J O
M S

A E
A

NTERNATIONAL OURNAL F

ATHEMATICAL CIENCES

ND NGINEERING

PPLICATIONS

(IJMSEA)

PUNE, INDIA

l
A

S
C

ENT PUBLICA

T
IO

N
l

www.ascent-journals.com

@

ASCENT



International J. of Math. Sci. & Engg. Appls. (IJMSEA)

ISSN 0973-9424, Vol. 13 No. II (December, 2019), pp. 47-52

AN EXPANSION FORMULA FOR THE I-FUNCTIONS OF

SEVERAL VARIABLES

P. C. SREENIVAS1, T. M. VASUDEVAN NAMBISAN2 AND VIDYA T. M.3
1 Department of mathematics,
Payyanur College, Payyanur,

Kannur District, Kerala-670327, India
2 Retired Professor & Head, Department of Mathematics,

NAS College, Kanhangad, India
3 Department of mathematics,

Mahatma Gandhi College, Iritty, Kannur District, Kerala, India

Abstract

In this paper an expansion formula for the I-function of several variables has been
obtained. Many interesting new results can be obtained by specializing the param-
eters of the I-functions of several variables.

1. Introduction

Notations and Results used :

(a)n stands for a(a+ 1) · · · (a+ n− 1)

1(aj ;α
(1)
j , · · · , α(r)

j , Aj)p stands for (a1;α
(1)
1 , · · · , α(r)

1 , A1), (a2;α
(1)
2 ,

· · · , α(r)
2 ;A2), · · · , (ap;α(1)

p , · · · , α(r)
p ;Ap)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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(α)n =
Γ(α+ n)

Γ(α)
, n ≥ 1. (1.1)

The generalized Fox’s H-function, namely I-function of r-variables introduced by Prathima,

Nambisan and Santha Kumari [6, p.38] is defined and represented as:

I[z1, · · · , zr] = I0,n:m1,n1;··· ;mr,nr
p,q:p1,q1;··· ;pr,qr z1

...
zr

∣∣∣∣∣∣∣
1(aj ;α

(1)
j , · · · , α(r)

j ;Aj)p :1 (c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; (c

(r)
j , γ

(r)
j ;C

(r)
j )pr

(bj ;β
(1)
j , · · · , β(r)

j ;Bj)q :1 (d
(1)
j , δ

(1)
j ;D

(1)
j )q1 ; · · · ;1 (d

(r)
j , δ

(r)
j ;D

(r)
j )qr


= 1

(2πω)r

∫
L1
· · ·
∫
Lr
θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · zsrr ds1 · · · dsr,

(1.2)

where φ(s1, · · · , sr) and θi(si), i = 1, 2, · · · , r are given by,

ϕ(s1, · · · , sr) =

n∏
j=1

ΓAj
(

1− aj +
r∑
i=1

α
(i)
j si

)
q∏
j=1

ΓBj
(

1− bj +
r∑
i=1

β
(i)
j si

)
p∏

j=n+1
ΓAj

(
aj −

r∑
i=1

α
(i)
j si

) , (1.3)

θi(si) =

mi∏
j=1

ΓD
(i)
j (d

(i)
j − δ

(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)

j + γ
(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)

j + δ
(i)
j si)

pi∏
j=ni+1

ΓC
(i)
j (c

(i)
j − γ

(i)
j si)

, (1.4)

Also zi 6= 0 (i = 1, · · · , r), ω =
√
−1,mj , nj , pj , qj (j = 1, · · · , r), n, p, q are non-negative

integers such that 0 ≤ n ≤ p, q ≥ 0, 0 ≤ mj ≤ qj , 0 ≤ nj ≤ pj (j = 1, 2, · · · , r) (not all

zero simultaneously).

α
(i)
j (j = 1, 2, · · · , p, i = 1, 2, · · · , r), β(i)

j (j = 1, 2, · · · , q, i = 1, 2, · · · , r),
γ

(i)
j (j = 1, 2, · · · , pi, i = 1, 2, · · · , r), and δ

(i)
j (j = 1, 2, · · · , qi, i = 1, 2, · · · , r) are

positive numbers.

aj (j = 1, 2, · · · , p), bj (j = 1, 2, · · · , q), c
(i)
j (j = 1, 2, · · · , pi, i = 1, 2, · · · , r), and

d
(i)
j (j = 1, 2, · · · , qi, i = 1, 2, · · · , r) are complex numbers. The exponents Aj (j =

1, 2, · · · , p), Bj (j = 1, 2, · · · , q), C(i)
j (j = 1, 2, · · · , pi, i = 1, 2, · · · , r) and D

(i)
j (j =

1, 2, · · · , qi, i = 1, 2, · · · , r) of various gamma functions may take non integer values.

The I-functiion of r-variables is analytic if

Ψi =

p∑
j=1

Ajα
(i)
j −

q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

qi∑
j=1

D
(i)
j δ

(i)
j ≤ 0, i = 1, 2, · · · , r.
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The integral (1.2) converges absolutely if |(arg(zi)| < 1
2∆iπ, i = 1, 2, · · · , r where

∆i = −
p∑

j=n+1
Ajα

(i)
j −

q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

D
(i)
j δ

(i)
j −

qi∑
j=mi+1

D
(i)
j δ

(i)
j

+
ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γij > 0.

(1.5)

For further details refer [6].

Mathai and Saxena [4, p. 62]

√
π

Γ(s+ 1)

Γ(s+ 1/2)

(
cos

θ

2

)2s

= 1 + 2
∞∑
k=1

(−1)k(−s)k
(s+ 1)k

cos(kθ), (1.6)

where R(s) > −1
2 , 0 ≤ θ ≤ π.

2. Main Result

√
πI[z1(1 + cos θ)α1 , · · · , zr(1 + cos θ)αr ]

= I0,n+1:m1,n1;··· ;mr,nr
p+1,q+1:p1,q1;··· ;pr,qr

 2α1z1
...

2αrzr

∣∣∣∣∣∣
I1

I2

+ 2
∞∑
k=1

cos(kθ)

I0,n+2:m1,n1;··· ;mr,nr
p+2,q+2:p1,q1;··· ;pr,qr

 2α1z1
...

2αrzr

∣∣∣∣∣∣
I3

I4

 , (2.1)

where,

I1 =

(
1

2
;α1, · · · , αr; 1

)
, 1(αj ;α

(1)
j , · · · , α(r)

j ;Aj)p : 1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ;1 (c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = 1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)q, (0;α1, α2, · · · , αr; 1) : 1(d
(1)
j , δ

(1)
j , D

(1)
j )q1 ; · · · , 1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr ,

I3 =

(
1

2
;α1, · · · , αr; 1

)
, (0;α1, · · · , αr; 1), 1(aj ;α

(1)
j , · · · , α(r)

j ;Aj)p :

1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr ,

I4 = 1(bj ;β
(1)
j , · · · , b(r)j ;Bj)q, (−k;α1, α2, · · · , αr; 1), (k;α1, α2, · · · , αr; 1) :

1(d
(1)
j , δ

(1)
j ;D

(1)
j )q1 ; · · · ; 1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr .

Provided
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(i) 0 ≤ θ ≤ π, αk > 0,

(ii) Re

(
1
2 +

r∑
i=1

αid
(i)
j

δ
(i)
j

)
> 0, j = 1, 2, · · · ,mi,

(iii) arg(zk) <
1
2∆kπ, k = 1, 2, · · · , r,

where ∆k is given by (1.5).

Proof : Expressing the I-function of r-variables on the left hand side of (2.1) as a

contour integral using (1.2), the left side of (2.1) becomes:
√
π 1

(2πω)r

∫
L1
· · ·
∫
Lr
θ1(s1) · · · θr(sr)ϕ(s1, · · · , sr)

× zs11 · · · zsrr 2α1s1+···+αrsr
(
cos θ2

)2(α1s1+···+αrsr)
ds1 · · · dsr,

(2.2)

where φ(s1, · · · , sr) and θi(si), i = 1, 2, · · · , r are given by,

ϕ(s1, · · · , sr) =

n∏
j=1

ΓAj
(

1− aj +
r∑
i=1

α
(i)
j si

)
q∏
j=1

ΓBj
(

1− bj +
r∑
i=1

β
(i)
j si

)
p∏

j=n+1
ΓAj

(
aj −

r∑
i=1

α
(i)
j si

) ,

θi(si) =

mi∏
j=1

ΓD
(i)
j (d

(i)
j − δ

(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)

j + γ
(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)

j + δ
(i)
j si)

pi∏
j=ni+1

ΓC
(i)
j (c

(i)
j − γ

(i)
j si)

.

Using (1.6), the equation (2.2) reduces to:

1
(2πω)r

∫
L1
· · ·
∫
Lr
θ1(s1) · · · θr(sr)ϕ(s1, · · · , sr)zs11 · · · zsrr 2α1s1+···+αrsr

×
[

Γ(α1s1+···+αrsr+1/2)
Γ(α1s1+···+αrsr+1) + 2

∞∑
k=1

Γ(α1s1+···+αrsr+1) Γ(α1s1+···+αrsr+1/2)
Γ(α1s1+···+αrsr+1−k)Γ(α1s1+···+αrsr+1+k) cos(kθ)

]
ds1 · · · dsr.

(2.3)

Now changing the order of integration and summation which is justified under the given

conditions, (2.3) becomes:

1
(2πω)r

∫
L1
· · ·
∫
Lr
θ1(s1) · · · θr(sr)ϕ(s1, · · · , sr)(2α1z1)s1 · · · (2αrzr)sr

Γ(α1s1+···+αrsr+ 1
2

)

Γ(α1s1+···+αrsr+1) ds1 · · · dsr

+ 2
∞∑
k=1

cos(kθ) 1
(2πω)r

∫
L1
· · ·
∫
Lr
θ1(s1) · · · θr(sr)ϕ(s1, · · · , sr)(2α1z1)s1 · · · (2αrzr)sr

× Γ(α1s1+···+αrsr+1)Γ(α1s1+···+αrsr+1/2)
Γ(α1s1+···+αrsr+1−k)Γ(α1s1+···+αrsr+1+k)ds1 · · · dsr.

(2.4)
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Now interpret this integral (2.4) with the help of (1.2), we get the required result.

3. Special Cases

When r = 2, (2.1) reduces to:

√
πI[z1(1 + cos θ)α1 , z2(1 + cos θ)α2 ] = I0,n+1:m1,n1;m2,n2

p+1,q+1:p1,q1;p2,q2 2α1z1

2α2z2

∣∣∣∣∣∣∣
(

1
2 ;α1, α2; 1

)
, 1(aj ;α

(1)
j , α

(2)
j ;Aj)p : 1(c

(1)
j , γ

(1)
j ;C

(1)
j )p1 , 1(c

(2)
j , γ

(2)
j ;C

(2)
j )p2

1(bj ;β
(1)
j , β

(2)
j ;Bj)q, (0;α1, α2; 1) : 1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ; 1(d

(2)
j , δ

(2)
j ;D

(2)
j )q2


2
∞∑
k=2

cos(kθ)I0,n+2:m1,n1;m2,n2
p+2,q+2:p1,q1;p2,q2

 2α1z1
...

2α2z2

∣∣∣∣∣∣∣
(

1
2 ;α1, α2; 1

)
, (0;α1, α2; 1) 1(aj ;α

(1)
j , α

(2)
j ;Aj)p : 1(c

(1)
j , γ

(1)
j ;C

(1)
j )p1 , 1(c

(2)
j , γ

(2)
j ;C

(2)
j )p2

1(bj ;β
(1)
j , β

(2)
j ;Bj)q, (−k;α1, α2; 1)(k, α1, α2; 1) : 1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ; 1(d

(2)
j , δ

(2)
j ;D

(2)
j )q2


(3.1)

provided the conditions are similar to that of (2.1) with r = 2.

When n = p = q = 0 and r = 1 and specializing the parameters of (2.1) , (2.1) reduces

to the following Corollary for I- function of one variable.

Corollary :

√
πI[z(1 + cos θ)α] = Im,n+1

p+1,q+1

2αz

∣∣∣∣∣∣
(

1
2 ;α; 1

)
, 1(aj ;αj ;Aj)p

1(bj ;βj ;Bj)q, (0;α; 1)



+2
∞∑
k=1

cos(kθ)Im,n+2
p+2,q+2

2αz

∣∣∣∣∣∣
(

1
2 ;α; 1

)
, (0;α; 1) 1(aj ;αj ;Aj)p

1(bj ;βj ;Bj)q, (−k;α; 1), (k;α; 1)


(3.2)

When Aj = Bj = 1 and z is replaced by z
2α , (3.2) reduces to a result given by

Parashar [5].

References

[1] Banerji P. K. and Saxena R. K, Expansions of Generalized H-functions. Indian
J Pure and Appl. Math. 7(3) (1976), 337-341.



52 P. C. SREENIVAS, T. M. VASUDEVAN NAMBISAN & VIDYA T. M.

[2] Bora S. L. and Kalla S. L., An expansion formula for the generalized function
of two variables. Univ. Nac. Tucuman Rev. Ser. A 21 (1971a), 53-58.

[3] Buschman R. G.,H-functions of two variables- I, Indian J. Math., 20 (1978),
105-116.

[4] Mathai A. M. and Saxena R. K., The H-function With Applications in Statistics
and Other Disciplines, Wiley Eastern, New Delhi, (1978).

[5] Parashar B. P., Fourier series for the H-functions, Proc. Camb. Philo. Soc., 63
(1967), 1083-1085.

[6] Prathima J., Vasudevan Nambisan T. M. and Shantha Kumari K., A study
of I-function of several Complex variables, International Journal of Engineering
Mathematics, Volume 2014, Article ID 931395, http://dx.doi.org/10.1155/2014/931395
(January 2014).

[7] Rathie Arjun K., A new generalization of generalized hyper geometric functions,
Le Mathematiche, LII. Fas.II (1997), 297-310.

[8] Saxena R. K.,On generalized function of n variables, Kyungpook Math. J. 14,
255-259.

[9] Shantha kumari K., Vasudevan Nambisan T. M. and Arjun K. Rathie, A study of
the Ifunction of two variables, LE MATHEMATICHE, Vol.LXIX (2014), Fasc.
I, pp.285-305.

[10] Srivastava H. M., Gupta K. C., Goyal S. P., The H-functions of one and two
variables with applications, South Asian Publishers, New Delhi, (1982).

[11] Srivstava H. M. and Panda R. Expansion theorem for the H-function of several
complex variables, J. ReineAngew. Math. 28 (1976), 129-145.


	IJMSEA
	4-srinivas

